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Abstract
We consider all-to-all routing problem in an optical ring network that uses the wavelength-
division multiplexing (WDM). Since 1-hop, all-to-all optical routing in a WDM optical ring
of n nodes needs  12n2=4 wavelengths (see E2cient Collective Communication in Optical
Networks, Lecture Notes in Computer Science, Vol. 1099, Springer, Berlin, 1996, pp. 574–
585), which can be too large even for moderate values of n, we consider in this paper j-hop
implementations of all-to-all routing in a WDM optical ring, j¿ 2. From among the possible
routings we focus our attention on uniform routings, in which each node of the ring uses the
same communication pattern and the communication load is distributed evenly among the nodes.
We show that there exists a uniform 2-hop implementation of all-to-all routing that needs at
most (n=4)( 3
√
n+3) wavelengths. This value is within multiplicative constants of a lower bound.
We then give a uniform 3-hop, 4-hop implementation of all-to-all routing that needs at most
(n=2)( 7
√
n=16 + 3), (n=2)( 15
√
n=2 + 6) wavelengths, respectively.
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1. Introduction
Optical-=ber transmission systems are expected to provide a mechanism to build
high-bandwidth, error-free communication networks, with capacities that are orders of
magnitude higher than traditional networks. Wavelength-division multiplexing (WDM
for short) is one of the most commonly used approaches to introduce concurrency
into such high-capacity networks [5,6]. In this strategy, the optical spectrum is divided
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into many diEerent channels, each channel corresponding to a diEerent wavelength. A
switched WDM network consists of nodes connected by point-to-point =ber-optic links.
Typically, a pair of nodes that is connected by a =ber-optic link is connected by a pair
of optic cables. Each cable is used in one direction and can support a =xed number of
wavelengths. The switches in nodes are capable of redirecting incoming streams based
on wavelengths. We assume that switches cannot change the wavelengths, i.e. there
are no wavelength converters. Thus, a WDM optical network can be represented by
a symmetric digraph, that is a directed graph G with vertex set V (G) representing
the nodes of the network and edge set E(G) representing optical cables such that if
directed edge [x; y] is in E(G), then directed edge [y; x] is also in E(G). In the sequel,
whenever we refer to an edge or a path, we mean a directed edge or a directed path.
DiEerent messages can use the same link (or directed edge) concurrently if they
are assigned distinct wavelengths. However, messages assigned the same wavelength
must be assigned edge-disjoint paths. In the graph model, each wavelength can be
represented by a color.
Given an optical communication network and a pattern of communications among the
nodes, one has to design a routing, i.e. a system of directed paths and an assignment
of a wavelength to each path in the routing so that the given communications can be
done simultaneously. We can express the problem more formally as follows.
Given a WDM optical network G, a communication request is an ordered pair of
nodes (x; y) of G such that a message is to be sent from x to y. A communication
instance I (or instance for short) is a collection of requests.
Let I be an instance in G. A j-hop solution [9,10] of I is a routing R in G and an
assignment of colors to paths in R such that
1. it is con:ict-free, i.e., any two paths of R sharing the same directed edge have
diEerent colors, and
2. for each request (x; y) in I , a directed path from x to y in R can be obtained by
concatenation of at most j paths in R.
Since the cost of an optical switch depends on the number of wavelengths it can handle,
it is important to determine paths and a conJict-free color assignment so that the total
number of colors is minimized.
In 1-hop solution of I , usually called all optical solution, there is a path from x to
y in R for each request (x; y) in I and all communications are done in optical form.
In a j-hop solution, j¿2, the signal must be converted into electronic form j − 1
times. The conversion into electronic form slows down the transmission, but j¿1 can
signi=cantly reduce the number of wavelengths needed [10].
For an instance I in a graph G, and a j-hop routing R for it, the j-hop wavelength index
of the routing R, denoted w˜(G; I; R; j), is de=ned to be the minimum number of colors
needed for a conJict-free assignment of colors to paths in the routing R. The parameter
w˜(G; I; j), the j-hop optimal wavelength index for the instance I in G is the minimum
value over all possible routings for the given instance I in G. In general, the problem of
determining the optimal wavelength index is NP-complete, see the survey paper [3].
In this paper, we are interested in ring networks. In a ring network there is a link
from each node to two other nodes. Thus, the topology of a ring network on n nodes,
J. Opatrny / Theoretical Computer Science 297 (2003) 385–397 387
x7
x6
x5
x4
x3
x2
x0
x1
Fig. 1. Ring C8:
n¿3, can be represented by a symmetric directed cycle Cn (see [4] for any graph
terminology not de=ned here). A symmetric directed cycle Cn, n¿3, consists of n
nodes x0; x1; : : : ; xn−1 and there is an arc from xi to x(i+1)mod n and from x(i+1)mod n to
xi for 06i6n− 1, see C8 in Fig. 1. We denote by pi; j a shortest path from xi to xj.
The diameter of Cn, i.e., the maximum among the lengths of the shortest paths among
nodes of Cn, denoted by dn, is equal to n=2.
The all-to-all communication instance IA is the instance that contains all pairs of
nodes of a network. IA has been studied for rings and other types of network topologies
[1,3,8,12]. It has been shown for rings in [3] that w˜(Cn; IA; 1)= 12n2=4. The optical
switches that are available at present cannot handle hundreds of diEerent wavelengths
and thus the value of w˜(Cn; IA; 1) can be too large even for moderately large rings.
One can reduce the number of wavelength by considering j-hop solutions for the IA
problem for j¿2.
One possible 2-hop solution of the IA instance is the routing R={p0; i : 16i6n −
1}∪{(pi;0 : 16i6n−1}, in which there is a path pi;0 from x0 to node xi for 16i6n−1
and a path pi;0 from node xi to x0 for 16i6n− 1. Any request (xi; xj) in IA can be
obtained by a concatenation of pi;0 and p0; j, and we can get a conJict-free assignment
of colors to all paths in R using (n− 1)=2 colors. However, this solution has all the
drawbacks of having one server x0 for the network, i.e., a failure of x0 shuts down
the whole network although the network remains connected, and x0 is a potential
performance bottleneck. This is very obvious if we represent R by the routing graph
GR [7], in which there is an edge from x to y if and only if there is a path in R from
x to y. In case of the routing above, the routing graph is the star of Fig. 2(a).
For better fault-tolerance and better load distribution, we should consider a uniform
routing [12] in which each node can communicate directly with the same number of
nodes as any other node and at the same distance along the ring. More speci=cally, a
routing R on a ring of length n is uniform if for some integer m¡n and some integers
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Fig. 2. Routing graph in C8 of (a) a non-uniform, (b) a uniform routing.
b1; b2; : : : ; bm the routing R consists of paths connecting nodes that are at distance bi,
16i6m along the ring, i.e. R={pi; i+bj ; pi; i−bj : 06i6n − 1; 16j6m}. In a uniform
routing the routing graph is a distributed loop graph [2] of degree 2m, i.e., for m=2
and b1=1 and b2=3 we get the routing graph in Fig. 2(b). As seen from the =gure,
this provides much better connectivity and can give a uniform communication load on
the nodes. Furthermore, the routing decisions can be the same in all nodes.
Thus, the problem that we consider in this paper is the following:
Given a ring Cn and integer j, j¿2, =nd a routing Rn; j such that
1. Rn; j is uniform routing on Cn,
2. Rn; j is a j-hop solution of IA,
3. the number of colors needed for Rn; j is substantially less than  12n2=4.
We denote by w˜u(Cn; IA; j) the minimal number of colors over all uniform routings
of j-hop solutions of the instance IA on Cn.
In our solutions of j-hop all-to-all communication instance in a ring, any path of
a routing is less than the diameter of the ring. Thus we use the shortest path and
furthermore, the path from x to y is assigned the same color as the path from y to u.
We use the following result from [11]:
Theorem 1 (Narayanan and Opatrny [11]). Let I be a communication instance on ring
Rn that contains all pairs of nodes at distance in set S={d1; d2; : : : ; dk}, 0¡di¡n=2,
16i6k, and
∑k
i=1 di6n.
k∑
i=1
di 6 w˜(Rn; I; j)6
⌈
n
n=∑ki=1 di
⌉
=
k∑
i=1
di +
⌈
nmod
∑k
i=1 di
n=∑ki=1 di
⌉
:
The remainder of the paper is organized as follows. In Section 2, we =rst give a
lower bound on the number of colors needed for a uniform 2-hop solution of the IA
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instance on Cn. We then show that there exists a uniform 2-hop routing Rn;2 for IA
that needs at most (n=4)( 3
√
n+ 3) colors, which is within multiplicative constants of a
lower bound.
Uniform j-hop solutions of IA instance on Cn, j¿3 are considered in Section 3. We
=rst consider a lower bound on w˜u(Cn; IA; j) and show that there exist a uniform 3-hop
routing Rn;3 that needs at most (n=2)( 7
√
n=16+3) colors, and a 4-hop Rn;4 with at most
(n=2)( 15
√
n=2 + 6) colors. Thus, each additional hop provides substantial reduction in
the number of colors needed for a uniform solution of the IA.
We present conclusions and some open questions in Section 4.
2. Uniform, 2-hop all-to-all routing in Cn
Let n be an integer, n¿5, and Cn be a ring of length n with nodes x0; x1; : : : ; xn−1.
A routing R is a uniform 2-hop solution of all-to-all problem in Cn, if any request
xi; xj, i 
=j can be obtained as a concatenation of at most two paths in R. Since on a
ring any pair of distinct nodes is at distance between 1 and dn=n=2, we have that
routing R is a uniform 2-hop solution of the all-to-all instance on Cn if and only if
there is a set of integers B={b1; b2; : : : ; bm} such that R contains all paths on the ring
of length in B, and any integer between 1 and dn can be obtained using at most one
addition or subtraction of two elements in B. We can use this observation to get a
lower bound on the values of wavelength index of a uniform 2-hop solution of IA.
Theorem 2. w˜u(Cn; IA; 2)¿(n=4) 3
√
n=9.
Proof. Let B be a set of integers corresponding to a 2-hop solution of the all-to-all
instance on Cn. By Theorem 1, the wavelength index w˜(Cn; IA; B; 2) is bounded from
below by the sum of elements in B. Since B generates all integers between 1 and n=2
by at most one addition or subtraction it must contain at least
√
n=4−1 integers. Let m
be the number of integers in B that are less than n=8 and k be the number of integers
greater or equal to n=8. Since we have to obtain all integers between n=4 and n=2, we
have k2 + k +mk¿n=4. The wavelength index of all paths of length ¡n=8 in B is at
least equal to s1=
∑m
i=1 i=m(m + 1)=2 and that of paths of length ¿n=8 is at least
s2=
∑k−1
i=0 (n=8 + i)=kn=8 + (k
2 − k)=2. If k¿m then the wavelength index of paths
of length ¿n=8 alone is of order n
√
n. Thus we may assume that k is substantially
smaller than m. From k2+k+mk¿n=4 we therefore get mk¿n=9 for su2ciently large
n. Thus we have to =nd a lower bound on s1 + s2 subject to mk¿n=9. If mk=n=9
then m=n=(9k) and to minimize the leading terms in s1 and s2 we have to make
kn=8=m2=2 which implies that kn=4=n2=(9k)2, k= 13
3
√
4n=3, and m= 12
3
√
n2=3. In this
case the wavelength index is at least m2=(n=4) 3
√
n=9.
We obtain an upper bound on the wavelength index of a uniform 2-hop solution of
IA by constructing a set of integers such that all integers between 1 and (n+1)=2 can
be obtained by at most one addition or subtraction. Clearly, there are several such sets
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of integers. The one that we give below was chosen because its wavelength index is
proportional to the lower bound and it is reasonably simple to analyze.
Lemma 1. Let n be an integer greater or equal to 16. Any integer in the set {1; 2; 3;
: : : ; dn} can be obtained by at most 1 operation of addition or subtraction of in-
tegers in set Bn=B1n ∪B2n where B1n={1; 2; : : : ;  3
√
n2=2}, B2n={n=2 − 1; n=2 − 1−
2 3
√
n2=2; n=2−1−4 3
√
n2=2; : : : ; n=2−1−2j 3
√
n2=2} and j=(n−2)=(2 3
√
n2−4).
Proof. Let m be an integer between 1 and dn. Since B2n divides the interval [1; n=2]
into segments of length 6 3
√
n2, there is an integer i1 in B2n such that |i1−m|6 3
√
n2=2.
If |i1 − m|= i2 
=0 then it is an integer in B1n and m can be obtained by at most one
operation of addition or subtraction of elements i1 and i2 in Bn. The condition n¿16
is needed in order to have 3
√
n2¿4.
Lemma 2. Let n be an integer, n¿16, and let Rn;2 to be a routing in Cn containing
for any node in Cn all paths of length in set Bn from Lemma 1. Then Rn;2 is a
uniform, 2-hop solution of IA on Cn.
w˜(Cn; IA; Rn;2; 2)6
n
4
( 3
√
n+ 3):
Proof. It follows from Lemma 1 that Rn;2 is a 2-hop routing on Cn. We now calculate
an upper bound on the wavelength index of this routing.
By Theorem 1, all paths of length n=2−1 in Rn;2 need at most n=2 colors. For the
calculation of the number of colors needed, the remaining path in Rn;2 of lengths in B2n
are grouped in pairs by length in outside-in order: second longest of length n=2−1−
2 3
√
n2=2 with the shortest of length n=2 − 1− 2j 3
√
n2=2}, third longest of length
n=2 − 1− 4 3
√
n2 with the second shortest of length n=2 − 1− 2(j − 1) 3
√
n2=2},
etc. Since combined path length in the pair is less than n=2 − 1, all paths of length
in any such pair need at most n=2 colors. Since we have at most (j+1)=2 such pairs,
we need at most ((j + 3)=2)(n=2)6(n=4)(((n − 2)=(2 3
√
n2 − 4)) + 3)6(n=8)( 3√n + 4)
colors for all paths of length in B2n .
By Theorem 1, all paths of length  3
√
n2=2 in Rn;2 need at most 3
√
n2=2 + 3
√
n=4
colors. For the calculation of the number of colors needed, the remaining paths in Rn;2
of lengths in B1n are grouped in pairs by length in outside-in order:  3
√
n2=2−1 with 1,
 3
√
n2=2−2 with 2, etc. Clearly, all paths in any such pair need at most 3
√
n2=2+ 3
√
n=4
colors. Since there are at most 3
√
n2=4 such pairs, the total number of colors needed
for all paths of length in B1n is at most ((
3
√
n2=4)+ 1)(( 3
√
n2=2)+ ( 3
√
n=4))6(n 3
√
n=8)+
(n=16)+( 3
√
n2=2)+( 3
√
n=4)6(n=8)( 3
√
n+2). Thus we get w˜(Cn; IA; Rn;2; 2)6(n=4)( 3
√
n+
3). The condition n¿16 was used in some of the approximations.
Theorem 3. For any integer n¿16,
w˜u(Cn; IA; 2)6
n
4
( 3
√
n+ 3):
This upper bound is within a constant factor of the lower bound.
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Proof. It follows directly from the previous lemma and the lower bound in
Theorem 2.
This shows that for a ring of length n, the ratio of the number colors needed for
1-hop all-to-all routing over the number of wavelengths needed for a uniform 2-hop
all-to-all routing is approximately 0:5 3
√
n2. This is a signi=cant reduction in the number
of wavelength which could be important in some applications. Also, the overhead of
the uniform instance in comparison to the 2-hop, one server situation is limited by the
factor 0:5 3
√
n.
3. Uniform j-hop, j¿3, all-to-all routing in Cn
We can obtain results for uniform j-hop, j¿3, all-to-all problem in a ring using the
techniques introduced in the previous section. A routing R is a j-hop all-to-all routing
in a Cn, if any request xi; xl can be obtained as a concatenation of at most j paths in
R. Thus, R is a uniform, j-hop, all-to-all routing on Cn if there is a set of integers
B(j)={b1; b2; : : : ; bm} such that R contains all paths on the ring of length in B(j),
and any integer between 1 and dn can be obtained using at most j − 1 operations of
addition or subtraction of elements in B(j). Clearly, by increasing the number of hops
one should be able to decrease the wavelength index of the routing. In the next theorem
we show that the number of colors needed by any j-hop routing, j¿2, remains larger
than cn for any constant c.
Theorem 4. For any j¿2
lim
n→∞
w˜u(Cn; IA; j)
n
= ∞:
Proof. We prove it by induction. Clearly this is true for j=2. Assume that the theorem
is valid for every j, 26j6i. Let j= i+1 and D be a set of integers corresponding to
a j-hop solution of the all-to-all instance on Cn. By Theorem 1, the wavelength index
w˜(Cn; IA; D; j) is bounded from below by the sum of elements in D. Since D generates
all integers between 1 and n=2 by at most j− 1 addition or subtraction, the number of
elements in D must be proportional to at least j+1
√
n integers. Let D1 be the integers
in D that are less than n=(4j) and D2 be the integers in D that are greater or equal to
n=(4j). The wavelength index of all paths in D2 is s2¿
∑|D2|−1
i=0 (n=8 + i)=n|D2|=8 +
(|D2|2 − |D2|)=2.
If the number of elements in D2 is equal to f(n) where limn→∞ f(n)=∞, then
limn→∞ w˜u(Cn; IA; j)=n¿ limn→∞(f(n)=8+(f(n)2−f(n))=(2n))¿ limn→∞ f(n)=∞.
If the number of elements in D2 is bounded by a constant c then by at most j addition
or subtraction of the k elements in D2 we can obtain at most c(cj−1)=(c−1) integers
and therefore these integers leave a gap of at least n(c−1)=(2c(cj−1)) consecutive inte-
gers in the interval [1; n=2]. Since this gap is proportional to n, set D1 must be an (i−1)-
hop solution for Ck where k=n(c−1)=(2c(cj−1)). In this case, since k is proportional
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to n, and using the induction hypothesis, limn→∞w˜u(Cn; IA; j)=n¿ limn→∞w˜u(Ck; IA;
j − 1)=n=∞.
We obtain an upper bound on the wavelength index of a uniform j-hop solution
of IA for j¿3 by constructing a set of integers such that all integers between 1 and
dn can be obtained by at most j − 1 operations of addition or subtraction. The sets
are constructed recursively, and for every j we consider a set of possible solutions
containing a parameter a. We then chose a that minimizes the value of the wavelength
index.
Lemma 3. Let n, a be integers such that n¿2a + 2 and a¿16. Let Ba be the set
of integers from Lemma 1 that generates the set {1; 2; : : : ; a=2} using at most 1
operations of addition or subtraction. Any integer in the set {1; 2; 3; : : : ; dn} can be
obtained by at most 2 operation of addition or subtraction of integers in the set
Dn;a=Ba∪{n=2 − 1; n=2 − 1 − a; n=2 − 1 − 2a; : : : ; n=2 − 1 − ka} where k=
(n− 2)=2a.
Proof. If n¿2a + 2 then k¿1. Denote D1n; a={n=2 − 1; n=2 − 1 − a; n=2 − 1 −
2a; : : : ; n=2 − 1− ka}. Let m be an integer between 1 and dn. Since D1n; a divides the
interval [1; n=2] into segments of length at most a, there is an integer i1 in D1n; a such
that |i1 − m|6a=2. Let i2= |i1 − m|. Since i26a=2, it can be obtained by at most 1
operation of addition or subtraction of elements in Ba and thus m can be obtained by
at most 2 operations of addition or subtraction of elements in Dn;a.
We now de=ne a 3-hop routing that is based on the set Dn;a.
Lemma 4. Let n, a be integers such that n¿2a + 2 and a¿16. Let Dn;a be the set
of integers from Lemma 3 and Rn;a;3 be a routing in Cn containing for each node in
Cn all paths of length in the set Dn;a. Then Rn;a;3 is a uniform, 3-hop solution of IA
on Cn and
w˜(Cn; IA; Rn;a;3; 3)6
n2
8a
+ n+
a 3
√
a
4
+
a2( 3
√
a+ 5)
16n
+
3
√
a2
2
+
a 3
√
a
4n
+
a
2
:
Proof. It follows from the de=nition of Rn;a;3 and Lemma 3 that Rn;a;3 is a uniform
3-hop solution of IA on Cn. We now calculate an upper bound on the wavelength
index of this routing. Consider the paths of length in set D1n; a={n=2− 1; n=2− 1−
a; n=2 − 1− 2a; : : : ; n=2 − 1− ka}. By Theorem 1, all paths of length n=2 − 1 in
D1n; a; need at most n=2 colors. For the calculation of the number of colors needed, the
remaining paths of length in D1n; a are grouped in pairs by length in outside-in order:
second longest of length n=2− 1− a with the shortest of length n=2− 1− ka, third
longest of length n=2−1−2a with the second shortest of length n=2−1− (k−1)a,
etc. Since combined path length in the pair is less than n=2 − 1, all paths of length
in any such pair need at most n=2 colors. Since we have at most (k +1)=2 such pairs,
we need at most (k + 3)=2(n=2)6(n2=8a) + n colors for all paths of length in D2n; a.
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Now we calculate the wavelength index for paths of length in Ba=B1a∪B2a similarly
as in the proof of Lemma 2. By Theorem 1, all paths of length  3
√
a2=2 in B1n need
at most 3
√
a2=2+ 3
√
a4=(4n) colors. For the calculation of the number of colors needed,
the remaining paths of length in B1a are grouped in pairs by length in outside-in order:
 3
√
a2=2 − 1 with 1,  3
√
a2=2 − 2 with 2, etc. Clearly, all paths in any such pair need
at most 3
√
a2=2 + 3
√
a4=(4n) colors. Since there are at most 3
√
a2=4 such pairs, the total
number of colors needed for all paths of length in B1a is at most(
3
√
a2
4
+ 1
)(
3
√
a2
2
+
3
√
a4
4n
)
6
a 3
√
a
8
+
a2
16n
+
3
√
a2
2
+
a 3
√
a
4n
:
Since B2a=a=2 − 1; a=2 − 1 −  3
√
a2; : : : ; a=2 − 1 − k2 3
√
a2 where k2=
(a − 2)=(2 3
√
a2), we obtain, similarly as above, that the total number of colors
is at most
k2 + 3
2
(
a
2
+
a2
4n
)
6
(
3
√
a
4
+ 1
)(
a
2
+
a2
4n
)
6
a 3
√
a
8
+
a
2
+
a2 3
√
a
16n
+
a2
4n
colors. By summing up the wavelength indices of sub-cases we get the value in the
lemma.
We now obtain an upper bound on the value of w˜u(Cn; IA; 3) by selecting constant
a that minimizes the expression for the wavelength index of Rn;a;3.
Theorem 5. For any integer n¿28,
w˜u(Cn; IA; 3)6
n
2
(
7
√
n
16
+ 3
)
:
Proof. For large values of n the two most important factors in the value of w˜(Cn; IA;
Rn; a;3; 3) are n2=8a and (a=4) 3
√
a, since n¿2a+2. Thus we select a such that n2=8a=
(a=4) 3
√
a which gives a= 7
√
n6=8. If n¿28 then 2a + 2=2n6=7 + 26n and thus
Lemma 4 applies. Then the routing Rn;a;3 with a= 7
√
n6=8 is a 3-hop uniform solu-
tion of IA on Cn with the wavelength index at most
n2
8a
+ n+
a 3
√
a
4
+
a2( 3
√
a+ 5)
16n
+
3
√
a2
2
+
a 3
√
a
4n
+
a
2
6
n
4
7
√
n
16
+ n+
n
4
7
√
n
16
+
n
32
+
5n5=7
16
+
1
2
n4=7
2
+
n1=7
4
+
1
2
7
√
n6
8
6
n
2
(
7
√
n
16
+ 3
)
:
This theorem shows that for a ring of length n the number of wavelengths needed
for a 1-hop all-to-all routing over the number colors needed for a uniform 3-hop
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uniform all-to-all is approximately 12
7
√
n6=8. This is a signi=cant reduction in the num-
ber of wavelengths. Also, the overhead of the uniform 3-hop solution of IA instance
in comparison to the 2-hop, one server situation is limited by the factor 7
√
n=16.
We now give results for the uniform 4-hop routing in Cn. Similarly as for 3-hop
routing, these results are derived by constructing a set of integers from which one can
obtain any integer between 1 and dn in at most 3 operations of addition and subtraction
and such a set is constructed recursively using the set from Lemma 3.
Lemma 5. Let n, a be integers such that n¿2a + 2 and a¿28. Let b= 7
√
a6=8 and
Da;b be the set of integers from Lemma 3 that generates the set {1; 2; : : : ; a=2}
using at most two operations of addition or subtraction. Let En;a=Da;b∪{n=2 − 1;
n=2 − 1− a; n=2 − 1− 2a; : : : ; n=2 − 1− k1a} where k1=(n− 2)=2a and, Rn;a;4
be a routing in Cn containing for each node in Cn all paths of length in the set En;a.
Then Rn;a;4 is a uniform, 4-hop solution of IA on Cn and
w˜(Cn; IA; Rn;a;4; 4)6
n2
8a
+ n+
a 3
√
a
8
+
a2
16n
+
3
√
a2
2
+
a 3
√
a
4n
:
Proof. If n¿2a + 2 then k¿1. Denote E1n; a={n=2 − 1; n=2 − 1 − a; n=2 − 1 −
2a; : : : ; n=2− 1− k1a}. Let m be an integer between 1 and dn. Since E1n; a divides the
interval [1; n=2] into segments of length at most a, there is an integer i1 in D1n; a such
that |i1 − m|6a=2. Let i2= |i1 − m|. Since i26a=2, it can be obtained by at most 2
operations of addition or subtraction of elements in Da;b and thus m can be obtained
by at most three operations of addition or subtraction of elements in En;a. This implies
that Rn;a;4 is a uniform 4-hop solution of IA on Cn.
We now calculate an upper bound on the wavelength index of this routing. The
number of colors needed for the paths of length in set E1n; a={n=2 − 1; n=2 − 1 −
a; n=2−1−2a; : : : ; n=2−1− k1a} is the same as calculated in the proof of Lemma
4 and is equal to ((k1 + 3)=2)(n=2)6(n2=8a) + n.
Let c= 3
√
b2= 7
√
a4=4. Then Da;b=D1∪D2∪D3 where D1={a=2 − 1; a=2 −
1 − b; a=2 − 1 − 2b; : : : ; a=2 − 1 − k2b}, D2={b=2 − 1; b=2 − 1 − c; b=2 −
1− 2c; : : : ; b=2 − 1− k3c}, and D3={1; 2; : : : ; c=2} with k2=(a− 2)=2b and k3=
(b−2)=2c. By Theorem 1, all paths of length c=2 in D3 need at most c=2+c2=(4n)
colors. For the calculation of the number of colors needed, the remaining paths of length
in D3 are grouped in pairs by length in outside-in order: c=2− 1 with 1, (c=2)− 2
with 2, etc. Clearly, all paths in any such pair need at most c=2+c2=(4n) colors. Since
there are at most c=4 such pairs, the total number of colors needed for all paths of
length in D3 is at most
( c
4
+ 1
)( c
2
+
c2
4n
)
6
(
1
4
7
√
a4
4
+ 1
)1
2
7
√
a4
4
+
1
4n
7
√
a8
16


6
a
8
7
√
a
16
+
a
16n
7
√
a5
64
+
1
2
7
√
a4
4
+
a
4n
7
√
a
16
:
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All paths of length b=2−1 in D2 need at most b=2+b2=(4n) colors. The remaining
paths of length in D2 are grouped in pairs by length in outside-in order and any such
pair needs at most b=2 + b2=(4n) colors. Thus in total we need at most
(
k3
2
+ 1
)(
b
2
+
b2
4n
)
6
(
3
√
b
4
+ 1
)(
b
2
+
b2
4n
)
6
a
8
7
√
a
16
+
a2
8n
+
7
√
a6
8
+
a
8n
7
√
2a5
colors. Similarly all paths of length in D1 need at most
(
k2
2
+ 1
)(
a
2
+
a2
4n
)
6
( a
4b
+ 1
)(a
2
+
a2
4n
)
6
(
7
√
8a
4
+ 1
)(
a
2
+
a2
4n
)
6
a
4
7
√
a
16
+
a2
8n
7
√
a
16
+
a
2
+
a2
4n
colors.
Thus in total we need at most
n2
8a
+ n+
a
2
7
√
a
16
+
3a2
8n
+
5a
32n
7
√
2a5 +
a2
4n
7
√
a
16
+ a:
We obtain an upper bound on the value of w˜u(Cn; IA; 4) by selecting constant a that
minimizes the expression for the wavelength index of Rn;a;4.
Theorem 6. Asymptotically,
w˜u(Cn; IA; 3)6
n
2
(
15
√
n
2
+ 6
)
:
Proof. For large values of n the two most important factors in the value of w˜(Cn; IA;
Rn; a;4; 4) are n2=8a and a2
7
√
a=16, since n is substantially larger than a. Thus we select
a such that n2=8a=(a=2) 7
√
a=16 which gives a=(n=2)14=15. Then the routing Rn;a;4
with a=(n=2)14=15 is a 4-hop uniform solution of IA on Cn with the wavelength index
at most
n2
8a
+ n+
a
2
7
√
a
16
+
3a2
8n
+
5a
32n
7
√
2a5 +
a2
4n
7
√
a
16
+ a6
n
2
(
15
√
n
2
+ 4
)
:
Thus, the wavelength index of the uniform 4-hop routing approaches very closely the
value of the wavelength index for 1-hop, one server routing.
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4. Conclusions
We gave an upper bound on the wavelength index of a uniform 2-hop all-to-all
communication instance in a ring of length n which is within a multiplicative constant
of a lower bound. We also give upper bound on the wavelength index of a uniform
3-hop and 4-hop all-to-all communication instance in the ring. The results show that
there is a large reduction in the value of the wavelength index with each additional
hop. Clearly, the techniques used in the paper can be used for j-hops, j¿4.
The value of the upper bounds on the wavelength index that we obtained depends
on the sizes of elements in the sets from which we can generate the set {1; 2; : : : ; (n−
1)=2} using at most j−1 operation of addition or subtraction for 26j64. Obviously,
if we obtain an improvement on the sizes of elements in these sets, we could improve
the upper bounds on value of the wavelength index of a uniform 2-hop all-to-all
communication instance. This seems to be an interesting combinatorial problem that,
to the best of our knowledge, has not been studied previously. It would be equally
interesting to get a better lower bound on the sizes of elements of a set that generates
set {1; 2; : : : ; (n− 1)=2} using at most one operation of addition or subtraction. This
would improve the lower bound of the uniform 2-hop all-to-all communication instance
in a ring of length n. Thus we propose the following open problems:
Open Problem 1. Find a tight lower bound on the total size of elements in a set of
integers Bm such that any integer in the set {1; 2; : : : ; m} can be obtained by at most
one operation of addition or subtraction from integers in Bm.
Open Problem 2. Find a set of integers Bm such that any integer in the set {1; 2; : : : ; m}
can be obtained by at most one operation of addition or subtraction from integers in
Bm and for which the sum of elements is substantially smaller in size than for the set
given in this paper.
Similar open problems can be considered for a higher number of operation.
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